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Abstract 
Interval Bezier curve are new representation forms of parametric curves that can embody a complete 

description of coefficient errors. Using this new representation, the problem of lack of robustness in all state-of-the 
art CAD systems can be largely overcome. In this paper we discuss this concept to form a new curve over 
rectangular and circular domain such that its parameter varies in an arbitrary range [a, b] instead of standard 
parameter [0, 1]. Where a and b are real and, we also want that curve gets generated within the given error tolerance 
limit.  
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Introduction
An interval Bézier curve is a Bézier curve 

whose control points are rectangles (the sides of which 
are parallel to coordinate axis) in a plane. Such a 
representation of parametric curves can account for error 
tolerances. Based upon the interval representation of 
parametric curves and surfaces, robust algorithms for 
many geometric operations such as curve/ curve 
intersection were proposed [6]. The series of works by 
Hu et. al. indicate that using interval arithmetic will 
substantially increase the numerical stability in geometric 
computations and thus enhance the robustness of current 
CAD/CAM systems. 

The most of the approximation schemes 
guarantee that an approximation will satisfy a prescribed 
tolerance; once this has been achieved none proposes to 
carry detailed information on the approximation error 
forward to subsequent applications in other systems. 
In this paper we use the concept of David Solemon [7] in 
reparametrizing a Bézier curve such that its parameter 
varies in an arbitrary range [a, b] we obtain a new curve 

denoted by ( )abP t  which is simply the original curve 

with a different parameter ( )ab

t a
P t P

b a

− =  − 
. It helps 

to calculate a curve ( )Q t defined on an arbitrary part 

of ( )P t , where   0 1t≤ ≤ . Here the basic approach is 

to define a new curve ( )Q t as [ ]( )P b a t a− + and 

express the control points iQ  of  ( )Q t  in terms of the 

control points iP  and a and b.  

 In the present paper our aim is to take the above 
concept in the context of rectangular and circular interval 
Bézier curve. We will introduce the concept of 
reparametrization by making use of the Bézier curve on 
rectangular and circular domain.    

We organize the paper as follows, in section 2, 
we propose the reparametrization concept on interval 
Bézier curve on rectangular domain, the same concept on 
circular domain is provided in section 3, and we 
conclude the paper in section 4.  

For the software implementation to represent 
reparametrization in interval form of Bézier curve, we 
use the mathematical software MATLAB.                                                       
 
Interval Bézier Curve on Rectangular Domain 
Basics of Rectangular Domain. 

Interval Bézier curves were first studied by 
Sederberg and Farouki [5]. They introduced a new 
representation form of parametric curves viz the interval 
Bézier curve that can transfer a complete description of 
approximation errors along with the curve to applications 
in other systems. 
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Vector-valued interval [ ]P  in the most general terms is 

defined as any compact set of points (x, y) 
dimensions as tensor products of scalar 
intervals

{[ ] [ , ] [ , ] ( , ) | [ , ] [ , ]p a b c d x y x a b and y c d= × = ∈ ∈
.Such vector-valued intervals are clearly just rectangula
regions in plane [3]. The addition of such sets is given by 
the Minkowski sum 

1 2 1 2 1 2 1 1 1 2 2 2[ ] [ ] {( , ) | ( , ) [ ] ( , ) [ ]}p p x x y y x y p and x y p+ = + + ∈ ∈
                               (2.1) 
 An interval Bézier curve with rectangular vector interval 

[ ]ip  is written in the form 

,
0

[ ]( ) [ ] ( )
n

i n i
i

p t p B t
=

=∑                        0 1

                  
where , ( )n iB t ’s are the Bernstein polynomials and 

[ ] ([ , ],[ , ])i i i i ip a b c d=  are rectangular control points 

.i.e. to define interval Bézier curve on rectangular 
domain we have to define interval range for both x and y 
direction for each control point. 
 
Reparametrization on Rectangular  Domain

As shown by solemon [7
reparameterize ������ �	  �
���� in the new parameter 
range [a, b] instead of standard parameter range [0, 1].
This approach will lead to a new curve on rectangular 

domain as �������� 
 ��� ����
����, where it has to satisfy 

the condition �
��0� 
 ������ ���  �
��1
rectangular domain. 
So,  

�
���� 
  ������ � ��� � ��
��
����,�

�

���
��� 
 �����

�

���
��,���� � �

 
By applying interval operation mentioned in 
comparing the coefficient of various powers of t, we get
 

�
�� 
 �1 � �� ���� � 3�� � 1�"���
� 3�1 � ���"��"� �

�
#� 
 �� � 1�"�1 � ������
� �� � 1���2� � � �
� ��� � 2� � 3�����"�
"� 
 �1 � ����1 � ��"����
� �� � 1���� � 2� �
� ��2� � � � 3�����"�
 � 
 �1 � �� ���� � 3�� � 1�"���

� 3�1 � ���"��"� �
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in the most general terms is 

ny compact set of points (x, y) in two 
dimensions as tensor products of scalar 

}[ ] [ , ] [ , ] ( , ) | [ , ] [ , ]p a b c d x y x a b and y c d= × = ∈ ∈
valued intervals are clearly just rectangular 

. The addition of such sets is given by 

1 2 1 2 1 2 1 1 1 2 2 2[ ] [ ] {( , ) | ( , ) [ ] ( , ) [ ]}p p x x y y x y p and x y p+ = + + ∈ ∈

curve with rectangular vector interval 

0 1t≤ ≤  

              (2.2) 
’s are the Bernstein polynomials and 

are rectangular control points 

rve on rectangular 
to define interval range for both x and y 

Domain 
7], we will 

in the new parameter 
a, b] instead of standard parameter range [0, 1]. 

This approach will lead to a new curve on rectangular 

it has to satisfy 

��1� 
 ������ on 

� 

��� � �� 

terval operation mentioned in [7], and by 
comparing the coefficient of various powers of t, we get 

�#�
� � �� � 

� 3�����#�
���"� � �"��� � 

� 3�����#�
�� "� � ��"�� � 

��#�
� � � �� � 

Figure 1, shows the reparametrization of the interval 
Bézier curve on rectangular domain in the 

Figure 1. Reparametrization of Bézier curve on 
rectangular domain

For the curve in above figure, the calculated values of 
control points of reparameterized interval curve is shown 

in the table 1, with a=1, b=2. Here, 

rectangular control points for the original curve and 

[ ]iQ  denotes the reparameterized 

new curve with specified errors. 
 

Table.1 

 
Interval Bézier curve on Circular Domain
Basics of Circular Interval 
Disk or circular interval is defined as follows ([2

( ) ( , ) {( , ) | ( ) ( ) }r x y x yP P c c x y R x c y c r= = ∈ − + − ≤
 
   = 

2{( , ) | ( ) ( , ) (cos ,sin ),0 2 } ( , )x yx y R x y c c r c r∈ − ∈ + ≤ ≤ =

Where c is the center,( , )x yc c

given point and r is the radius of circular 

Thus to capture the uncertainty
parameters, we consider the real co
given points and nearby values 
neighborhood having radius equal 
tolerance. 
Circular interval linear operation is defined as:
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shows the reparametrization of the interval 
Bézier curve on rectangular domain in the range [1,2]. 

 
Reparametrization of Bézier curve on 

rectangular domain 
For the curve in above figure, the calculated values of 
control points of reparameterized interval curve is shown 

, with a=1, b=2. Here, [ ]iP  denotes the 

rectangular control points for the original curve and 

denotes the reparameterized control points of the 

 

 

rve on Circular Domain 

nterval is defined as follows ([2], [4]): 
2 2 2 2( ) ( , ) {( , ) | ( ) ( ) }r x y x yP P c c x y R x c y c r= = ∈ − + − ≤

{( , ) | ( ) ( , ) (cos ,sin ),0 2 } ( , )x y R x y c c r c rθ θ θ π∈ − ∈ + ≤ ≤ =

( , )  will be considered as 

d r is the radius of circular interval( )P . 

uncertainty characteristics of 
parameters, we consider the real co-ordinates of the 

values in a particular 
having radius equal to the allowable error 

Circular interval linear operation is defined as: 
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1 2 1 1 2 2 1 2 1 2( ) ( ) ( , ) ( , ) ( , )P P c r c r c c r r+ = + = + +
         (3.1)
with width( ) 2P r= . 

 
Reparameterization  on Circular Domain

Using the circular interval defined by (3
controlling polygon, interval Bézier curve on circular 
domain is defined as follows: 

( ) ( )
1

,
1

( ) ( )
n

i n i
i

P t P B t
+

=
=∑  

Where  

( ) ( , ) ( ,sin )
i ii x y iP c c cosε θ θ= +                                 

For  0 2θ π≤ ≤                         (3.2) 

( , ) '
i ix yc c s

 
The given polygon points, with allowable 

error iε , , ( )n iB t ’s the Bernstein Polynomials [

using solemon [7] concept 

reparameterize( ) ( )p t as ( )( )Q t in the new paramet

range [ , ]a b  instead of standard parameter range

This will be denoted by ( ) ( ) ( )abP t P=

where it has to satisfy the 
condition( )(0) ( )( ) ( )(1) ( )( )Q P a and Q P b= =
circular domain. 
So,  
     ( )( ) ( )([ ] )Q t P b a t a= − +  

    , ,
0 0

( ) ( ) ( ) ([ ] )
n n

i n i i n i
i i

Q B t P B b a t a
= =

= − +∑ ∑
By applying interval operation mentioned in [8
comparing the coefficient of various powers of t, we get

�
�� 
 �1 � �� ���� � 3�� � 1�"��
� 3�1 � ���"��"� �

�
#� 
 �� � 1�"�1 � ������
� �� � 1���2� � � �
� ��� � 2� � 3�����"�
"� 
 �1 � ����1 � ��"����
� �� � 1���� � 2� �
� ��2� � � � 3�����"�
 � 
 �1 � �� ���� � 3�� � 1�"���

� 3�1 � ���"��"� �
 
Figure 2, shows the reparametrization of the interval 
Bézier curve on circular domain in the range [
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1 2 1 1 2 2 1 2 1 2( ) ( ) ( , ) ( , ) ( , )P P c r c r c c r r+ = + = + +  

.1) 

on Circular Domain 
interval defined by (3.1) as 

curve on circular 

                                

given polygon points, with allowable 

the Bernstein Polynomials [4]. By 

 we will 

in the new parameter 

instead of standard parameter range[0,1] . 

( ) ( ) ( )
t a

P t P
b a

− =  − 
 

where it has to satisfy the 
( )(0) ( )( ) ( )(1) ( )( )Q P a and Q P b= = on 

( ) ( ) ( ) ([ ] )Q B t P B b a t a= − +  

terval operation mentioned in [8], and by 
comparing the coefficient of various powers of t, we get 

��#�
� � � � �� � 

3�����#�
�� "� � �"��� � 

3�����#�
�� "� � ��"�� � 

��#�
� � � � �� � 

shows the reparametrization of the interval 
range [1, 2]. 

Figure 2. Reparametrization of Bézier curve on circular 
domain 

 
Conclusion 

In this paper, we define a curve in the interval 
form on rectangular and circular domain for an arbitrary 
range, we proposed efficient examples to prove this.
result nor only reflects the potential curve in the figures, 
but also provides an error measures in interval Bézier 
curve. 
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