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Abstract
Interval Bezier curve are new representation foohgarametric curves that can embody a complete
description of coefficient errors. Using this nespresentation, the problem of lack of robustnesallistate-of-the
art CAD systems can be largely overcome. In thipepave discuss this concept to form a new curver ove
rectangular and circular domain such that its patemvaries in an arbitrary range [a, b] insteadstaindard
parameter [0, 1]. Where a and b are real and, sewént that curve gets generated within the gereor tolerance

limit.
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Introduction

An interval Bézier curve is a Bézier curve
whose control points are rectangles (the sides to€hw
are parallel to coordinate axis) in a plane. Such a
representation of parametric curves can accourgrar
tolerances. Based upon the interval representation
parametric curves and surfaces, robust algorithars f
many geometric operations such as curve/ curve
intersection were proposed [6]. The series of wdrks
Hu et. al. indicate that using interval arithmetidll
substantially increase the numerical stability éoigetric
computations and thus enhance the robustness i&ntur
CAD/CAM systems.

The most of the approximation schemes
guarantee that an approximation will satisfy a priegd
tolerance; once this has been achieved none prspose
carry detailed information on the approximationoerr
forward to subsequent applications in other systems
In this paper we use the concept of David SolenTim|
reparametrizing a Bézier curve such that its patame
varies in an arbitrary range [a, b] we obtain a renwe

denoted by P, (t) which is simply the original curve
t—a
with a different parametd?, (t) = P(b—j It helps
—a

to calculate a curveQ(t) defined on an arbitrary part
of P(t), where 0<t<1. Here the basic approach is

to define a new curveQ(t) as P([b—a]t + a) and

express the control point® of Q(t) in terms of the

control pointsP and a and b.

In the present paper our aim is to take the above
concept in the context of rectangular and circirigagrval
Bézier curve. We will introduce the concept of
reparametrization by making use of the Bézier cume
rectangular and circular domain.

We organize the paper as follows, in section 2,
we propose the reparametrization concept on interva
Bézier curve on rectangular domain, the same cdrmep
circular domain is provided in section 3, and we
conclude the paper in section 4.

For the software implementation to represent
reparametrization in interval form of Bézier curwee
use the mathematical software MATLAB.

Interval Bézier Curve on Rectangular Domain
Basics of Rectangular Domain.

Interval Bézier curves were first studied by
Sederberg and Farouki [5]. They introduced a new
representation form of parametric curwésthe interval
Bézier curve that can transfer a complete desoripif
approximation errors along with the curve to apgilans
in other systems.
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Vector-valued interva[ P] in the most general terms

defined as my compact set of points (x, yin two
dimensions as tensor products of sc
intervals

[pl=[abd{cd ={xy|xdah and y(J ¢ d}

.Such vectoralued intervals are clearly just rectane

regions in plane [3]The addition of such sets is given

the Minkowski sum

[pd +pd (X + X, yi+ Y (X ¥} O ply and( x,,y), [ pl}
(2.2)

An interval Bézieicurve with rectangular vector inter

[p] is written in the form

[PI) = 20 Pl B 0st<1
) (2.2)

whereB, ;(t)’s are the Bernstein polynomials a

[p]=(4a,b],[c, d]) are rectangular control poir
i.e. to define interval Bézier oke on rectangule
domain we havéo define interval range for both x anc
direction for each control point.

Reparametrization on Rectangular Domain

As shown by solemon 7], we will
reparameterizdP](t) as [Q](t) in the new paramett
range B, b] instead of standard parameter range [l
This approach will lead to a new curve on rectaac

t—a

domain agP],,(t) = [P] (E) whereit has to satish
the condition@](0) = [P](a) and [Q](1) = [P](b) on
rectangular domain.
So,

- [el® = [P)(b - alt +a)

D 101Bas © = ) [Pl Boi(b — alt +a)

i=0 i=0

By applying interval operation mentioned [7], and by
comparing the coefficient of various powers of & ge

[Qo] = (1 — a)®[Py] + 3(a — 1)*a[P]
+ 3(1 — a)a?[P,] + a®[Ps]
[Q:] = (a - 121 - b)[P,]
+ (a—1)(—2a — b + 3ab)[P]
+ a(a + 2b — 3ab)[P,] + a®b[P;]
[Q]=0-a)(-1+ b)z[Po]
+ (b= 1)(—a—2b + 3ab)[P,]
+ b(2a + b — 3ab)[P,] + ab?[P;]
[Qs] = (1 = b)*[Po] +3(b — 1)?b[P,]
+ 3(1 — b)b?[P,] + b3[Ps]
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Figure 1, shows the reparametrization of the inter
Bézier curve on rectangular domain in range [1,2].
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Figure 1. Reparametrization of Bézier curve or
rectangular domain
For the curve in above figure, the calculated valoé
control points of reparameterized interval curvehiswn

in the table 1with a=1, b=2. Here[R] denotes the
rectangular control points for the original curvad:
[Q] denotes the reparameterizcontrol points of the
new curve with specified errors.

Table.1

Control points of [P](t)

Reparametrized control points of
(@1
[7] le]

[8387] X [5.86.2]

1.8,2.2] X [2.83.2]
2,

33.2] % [48,5.2] [11812.2] X [48,5.2]

[16.817.2] x [0.8,1.2]

wl N ok oo

[ [
[ [
[2852] x [6.8.7.2]
[ I

8387 % [586.2]

[238342] X [-9.2,—88]

Interval Bézier curve on Circular Domain
Basics of Circular Interval
Disk or circular nterval is defined as follows (], [4]):

(P)=R(c,.c,)={(x ) OR’| (x-c,)* +(y—c,)*<r}

{(x Y OR?|(x-y)O(c,.c,) +r(cosd,sind ), < Zrk €r |
Where c is the centgG,,C,) will be considered as

given point ad r is the radius of circuleinterval(P) .

Thus to capture theuncertaint characteristics of
parameters, we consider the real-ordinates of the
given points and nearbyvalues in a particular
neighborhoodchaving radius equéo the allowable error
tolerance.

Circular interval linear operation is defined
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(R)+(R) =(c,r)+(cr)=(ci+cyrptr)
(3.1)
with width (P) = 2r .

Reparameterization on Circular Domain

Using the circulaiinterval defined by (.1) as
controlling polygon, interval Béziecurve on circula
domain is defined as follows:

(P =3(R)e,, )

Where
(R)=(c,.c,)+&(cosh,sind)
For 0<@<2rr (3.2)

(C)q ,Cyi)'S The given polygon points, with allowab

erroré; , B ;(t)'s the Bernstein Polynomials4]. By

using solemon [7] concept we will

reparameterizép) (t)as (Q)(t) in the new paramer

range[a, b] instead of standard parameter re[0,1] .

This will be denoted by (P), (t) =(P) (EJ
where it has to satisfy tt
condition(Q)(0) = (P)(@) and (Q)(1)= (P)({®)on
circular domain.

So,

(Q)(t) = (P)([b-alt +a)
Z(Qi) B, ()= Z(F?) B, ([b-alt+a)

By applying irterval operation mentioned in], and by
comparing the coefficient of various powers of & ge
Qo) = (1 —a)*(Py) + 3(a — 1)?a(Py)
+3(1 — a)a?(P,) + a®(P;)
Q) =(- 1)2(1 = b)(Py)
+ (a—1)(—2a—b + 3ab)(P,)
+a(a + 2b — 3ab)(P,) + a*b(P;)
(Qz) = (1 = a)(=1+ b)*(Py)
+ (b —1)(—a—-2b+ 3ab)(P)
+ b(2a + b — 3ab)(P,) + ab?(P;)
(03) =(1- b)g(Po) +3(b — 1)2b(P1)
+3(1 — b)b%(P,) + b3(P;)

Figure 2, shows the reparametrization of the intel
Bézier curve on circular domain in trenge 1, 2].
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Figure 2. Reparametrizationof Bézier curve on circular
domain

Conclusion

In this paper, walefine a curve in the interv
form on rectangular and circular domain for an taaly
range, weproposed efficient examples to prove 1 The
result nor only reflects the potential curve in flgures,
but also provides an error measures in intervalidsi
curve.
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